The energy band structure of a rotating BEC with a link in a quasi-one-dimensional torus and the role of dissipation is studied. Through this study we are able to give a microscopic interpretation of hysteresis recently observed in the experiment and we confirm that the hysteresis is the result of the presence of metastable state. We consider of both the adiabatic change and the instantaneous change of the rotation, and exhibit the differences between them. It is found that the sharp and size of the hysteresis loop change drastically with the strength of the link. * zhoudl72@iphy.ac.cn
I. INTRODUCTION
Atomtronics [1, 2] is an emerging interdisciplinary field that focuses on ultracold atom analogs of electronic circuits and devices. An impressive series of experiments with BEC, a testing bed for atomtronics, have established this analogy, such as Josephson effects [3] [4] [5] , Bloch Oscillations [6] . Nevertheless, hysteresis in a superfluid atomtronic gas, which is considered to be essential to the realization of an atomic-gas superconducting quantum interference devices (SQUIDs), has not been directly observed until recently [7] . In their experiment, Eckel and his partners have directly detected hysteresis between quantized circulation states in an atomtronic circuit formed from a ring of superfluid Bose-Einstein condensate obstructed by a rotating weak link. It's worthwhile to point out that, both hysteresis and the quantization of flow could be observed, which contrasts with the experiments in superfluid liquid helium that only one of these two phenomena is showed directly [8, 9] .
Just as the essential role it plays in the electronic circuit, the realization of hysteresis in atomtronic circuit will greatly accelerate the development of atomtronics because the controllability of hysteresis is such that it may prove to be a crucial feature for the practical devices.
Hysteresis is the phenomenon where the state of a physical system depends upon its history. The canonical example in a classical system is the Landau theory of ferromagnetism.
According to the Landau theory of phase transitions [10] : The energy landscape, which changes with the applied magnetic field H, is produced by calculating the energy of the system as a function of magnetization M. Hysteresis occurs when the energy landscape has two local minima separated by an energy barrier which simultaneously reduces as M changes. At some critical field, the barrier disappears and the system jumps into the global minimum.
Although hysteresis in superconducting circuits is routinely observed [11] , detections of hysteresis in an atomtronic circuit are carried out about ten years later than theoretical predictions. The swallowtail energy loop, which is a generic feature of hysteresis, was firstly found in mean-field studies of Bose gases within periodic potentials [12] , the loop structure appears because the energy landscape has two local minima (corresponding to the lower part of swallowtail and the normal band) separated by a state corresponding to a local maximum of the energy (upper part of the swallowtail) [13] . Then the theoretical prediction of hysteresis [14] has been put forward. However, Much of the study of swallowtails is rooted in the exact solutions to the Gross-Pitaevskii equation [15, 16] . Recently, the dynamics of a toroidal BEC have been simulated in a three-dimensional dissipative mean-field model [17] and the hysteresis effect of the persistent currrent has been investigated [18] . In our study we present a microscopic interpretation of hysteresis without the mean-field approximation. We show that the interaction tend to increase the size of the hysteresis loop, while the strength of the link tends to decrease it, and that there exists a metastable state which results in the deviation between the hysteresis loops for the adiabatic and non-adiabatic processes.
II. MODEL OF OUR SYSTEM
A. Two-mode approximation
We consider a quasi-one-dimensional gas, containing N bosons in a thin annulus of radius R and cross-sectional radius r 0 ≪ R, which rotates at frequency Ω driven by a rotating repulsive potential V . The Hamiltonian of this system S in the rotating frame is given by
where M is the particle mass, g is the strength of contact interaction, L z = −i ∂/∂θ is the angular momentum operator, and the potential takes the form
which depletes the density in a small portion of the ring and thereby creates a weak link.
In terms of single-particle eigenstates ψ l (θ) = e ilθ / √ 2π of L z with angular momentum l , the Hamiltonian can be written as
where Ω 0 = /MR 2 ,Ω = Ω/Ω 0 , and a † j , a j are the creation and annihilation operators of bosons with angular momentum j .
In the experiment [7] , a two-step sequence is used to observe hysteresis. The BEC is firstly prepared in either the n = 0 or the n = 1 circulation state by either not rotating the weak link or by rotating it at Ω 1 . Then the weak link is rotated at various angular velocities Ω 2 for a while. V 0 is ramped to a certain value V 1 in step 1 while to a chosen V 2 in step 2. The transitions of average angular momentum n = 0 → 1 and n = 1 → 0 occur at different values of Ω 2 and form hysteresis loops. In our model, we consider of two kinds of process. One is adiabatic process: in step 2, Ω is increased slowly from 0 to Ω 2 (or decreased slowly from Ω 1 to Ω 2 ); the other is non-adiabatic process: Ω is ramped suddenly from 0 (or Ω 1 ) to a chosen Ω 2 in step 2.
In order to simplify the discussion, we consider just two single-particle levels: the nonrotating state |0 , and the state with azimuthal angular momentum per particle |1 . The Hilbert subspace is given by |n 0 , n 1 where n 0 , n 1 , denoting the number of bosons that occupy the states |0 and |1 , satisfy n 0 + n 1 = N. Then the Hamiltonian (3) can be approximated as
. The quantity we describe the hysterisis is the average angular momentum
B. Model of dissipation
The dissipation of our system plays an essential role in the phenomenon of hysterisis.
Here we introduce a simple model to describe the dissipation of our system:
where H R is the Hamiltonian of the reservoir R, and H I is the interaction between the reservoir and the system. Notice that the number of particles are conserved but the energy of the system can be dissipated into the reservoir.
Let |Ψ ,|φ be the eigenstates of H S and H R , having eigenvalue E Ψ and E φ , respectively.
The reduced density operator σ(t) of S we are interested in, which is obtained by making a partial trace over R of the density operator ρ(t) of the global system S +R, σ(t) = Tr R ρ(t), satisfies the master equation which is expanded over the basis of eigenstates of H S [19] :
where σ ii is the population of the energy level |Ψ i of S , and Γ i→j is the probability per unit time for the system S to make a transition from level |Ψ i to level |Ψ j as a result of its coupling with R for i = j,
As Eq. (9) shows, the transition for S from |Ψ i to |Ψ j corresponds to a transition |φ µ , Ψ i → |φ ν , Ψ j for S + R, the probability should be averaged over all the possible initial states |φ µ of R and summed over all the final states |φ ν of R. In the following calculation, we assume that the energy spectrum of R is continuous with a constant density of state ρ, and the initial state of R is the vacuum state, thus Eq. (9) can be rewritten, using
Eq. (7),as
We will obtain from Eq. (10) that the transition for S from the initial state to a higher level is forbidden since there is no state under the ground level for R, in other words, S cannot obtain energy from the vacuum state of R. Then the conditions of one eigenstate |Ψ i being dissipated into the other eigenstate |Ψ j are
In other words, the dissipation from |Ψ i to |Ψ j will occur if and only if the eigenenergy of the initial state is above that of the final state, and the transition amplitude is not too small.
If an eigenstate that is not the ground state does not dissipate to any state with lower energy, then it is called a metastable state. We will show that the existence of a metastable state is essential to the hysterisis.
In the following, we will solve the spectrum of H S in four cases and analyze whether and how the hysterisis occurs in our system.
A.ḡ =ū = 0
In this case, the eigenstates of the system are
for n 0 = 0, 1, ...N with eigenenergies The energy spectrum is shown in Fig.1a . We take N = 5 for instance to display the different eigenstates definitely. As Fig.1a shows, with increasing Ω, the |N, 0 state (average angular momentum n = 0) is the ground state until Ω = Ω 0 /2, where all of the levels intersect each other, beyond this point, the |N, 0 state is no longer stable and the |0, N state ( n = 1) has the lowest energy. Such an energy landscape exhibits the transitions n = 0 → 1 and n = 1 → 0 at Ω = Ω 0 /2.
For the adiabatic process, with the slowly increasing Ω, the system that begins in |N, 0 will stay in this state until Ω = Ω 0 /2, while at this point, the system jumps from the initial state |N, 0 into the adjacent state |N − 1, 1 , then from |N − 1, 1 into |N − 2, 2 , and finally into |0, N , thus the transition n = 0 → 1 is made. The system will stay in |0, N as Ω continues to increase (orange dashed arrows in Fig.1a) . A final note about this pattern is that the transitions are step-by-step procedures then the system will stay in |N, 0 as Ω continues to decease (orange dotted arrows in Fig.1a ).
The angular momentum transitions n = 0 → 1 and n = 1 → 0 occur at the same values of Ω 2 , indicating that there is no hysteresis in this case (orange dashed line in Fig.1b) .
For the non-adiabatic process, after the BEC is prepared in |N, 0 , Ω 2 is ramped to a chosen value and the system is rotated at this value for additional several seconds, at the very beginning of rotation, the system is still in |N, 0 whether
Nevertheless, during the following several seconds of rotation, the system experience a series of jumps
resulting from dissipation as long as Ω 2 > Ω 0 /2 (violet dash-dotted arrows in Fig.1a) , contrasting with that the system stays in |N, 0 if Ω 2 < Ω 0 /2 since it is the ground state in this interval. It's obvious that the transition n = 0 → 1 occurs at Ω 2 = Ω 0 /2. Meanwhile, if the system begins in |0, N , n = 1 → 0 also occurs at Ω 2 = Ω 0 /2, therefore there is no hysteresis (violet dash-dotted line in Fig.1b) . The eigenstates and eigenenergies are
We plot the energies of the eigenstates as a function of Ω in 
In fact, as shown in Fig.2a , the curve M-I-J-K-L-A-N is just the swallow-tail loop found in the mean-field energy structure of trapped atomic gases, Ω ± c are the critical rotation rates that make the barrier coalesce with one of the local minima in the typical energy landscape for hysteresis [12, 13, 20] . From the Hamiltonian for this case
we can easily get the interval between adjacent energy levels
and resulting from the existence of the tunneling termsūÂ, the eigenstates are superposition states
and the closer to Ω 0 /2 the rotation rate Ω is, the more obvious the expansion is, contrasting As Fig.3a shows, different from the above two cases, the energy levels are discrete, leading to a crossover from |Ψ 0 (0) ≈ |N, 0 to |Ψ 0 (Ω 0 ) ≈ |0, N for the adiabatic process (orange dashed arrows in Fig.3a) . Conversely, with decreasing of Ω from Ω 0 to 0, the initial state |Ψ 0 (Ω 0 ) ≈ |0, N gradually transforms to |Ψ 0 (0) ≈ |N, 0 (orange dotted arrows in Fig.3a ).
It's necessary to state that the transitions are not sharp (especially for a greatū in Fig.3b ), unlike those in the above two cases, since n is averaged over the superposition state |Ψ m (Ω)
For the non-adiabatic process, at the moment that Ω jumps from 0 to Ω 2 , the system stays in the initial state which can be expanded in terms of its eigenstates
After a while of rotation, the system eventually falls into the ground state |Ψ 0 (Ω)(violet dash-dotted/dash-dot-dotted arrows in Fig.3a) , thus the transition occurs. Analogously, there is a transition
if the system begins in |0, N .
From the analysis above we can draw that no matter which state the system begins in, it falls into the same state as long as Ω 2 is set to be identical, so the size of the hysteresis loop reaches a value consistent with zero ( Fig.3b) .
Because of the existence of the tunneling termūÂ in the Hamitonian, the eigenstates of the system are no longer |n 0 , n 1 but the superposition states |Ψ m (Ω) = n 0 c (m) n 0 (Ω)|n 0 , n 1 . A typical energy band structure is shown in Fig.4 . It has been pointed out that there are avoided level crossings, this is due to the competition between the rotating repulsive potential and the strength of the interaction: the former tends to leading to discrete levels, while the latter does not(see Fig.2a and Fig.3a ). This energy band structure brings up a general origin of hysteresis.
If we start with a state on the lowest branch of the level |Ψ 0 (0) in Fig.4a , and move it up along the branch by increasing Ω 2 so slowly (adiabatic process) that little tunneling to the of stability and nonzero probability for going into the lower level. We can conclude that the state remain in that lowest level afterwards, so the transition occurs here (as shown by the orange dashed line in Fig.4a ). On the contrary, if we start with a state on the lowest branch at Ω 2 = Ω 0 and slowly decrease Ω 2 , the state will follow this branch and go into the lower level at the point A. Thus a hysteresis loop is traced, as shown in Fig.5 . We note that, Ω 
f m can be regarded as the population σ mm (0) of the energy level |Ψ m at t = 0, during the following period of rotating at Ω 2 , the evolution of these populations satisfy Eq. (8), the system will go into the final state |Ψ F after experiencing a series of inter-band transitions, accompanied by the transformation of n
In summary, we have presented the microscopic explanation of the hysteresis in an atomgas BEC. The inter-band transitions, leading to hysteresis, are determined by two factors, the state tends to going from the upper level into the lower level because of energetic stability; the transition matrix element determines whether and where the transitions occur. we can obtain the critical rotating rates Ω ± c , and then the hysteresis loops, by calculating Ψ m |Â|Ψ n . For the inter-band transitions, dissipation, without which the system cannot change its energy, has an important role in the dynamics. In fact, a more general method is to solve the Hamiltonian involving the coupling between the system and environment. In our model, we just investigate the transition matrix element for simplicity, but not the complicated solving of the Hamiltonian involving the coupling, to provide a physical understanding of hysteresis.
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